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Abstract: Water infiltration and recharge cause stresses, deformations, and displacements in the soil, which can
lead to landslides, subsidence, erosion, etc. The objective was to propose a solution for the internal energy equation,
(water flow in the soil mass) based on modern mechanics and underground hydraulics. From continuum mechanics,
the internal energy equation was analyzed: i) the distribution of water flow at the surface as a source; ii) the expan-
sion of water flow within the soil mass in cylindrical coordinates; iii) the distribution at the upper boundary, and
the transient conduction of internal radial flow. Analogous near-surface and internal conduction were proposed as
a load source. Stresses, deformations, displacements, and potentials were reviewed using modern mechanics, and
the superposition principle was applied. The formulation was applied to a case study. It was found that Cartesian
equations best represent the external surface flow of water (runoff), while cylindrical and radial equations best fit
the internal flow in the soil (conduction-distribution). The proposed solution is in terms of the supplied load (pre-
cipitation). At different soil moisture contents—dry, saturated, and supersaturated—dynamic processes generate
different energy rates. Externally, in supersaturated soils, the energy is purely hydraulic and is a parallel mobiliza-
tion force on the surface (runoff or flooding). This solution could be applied to other multidisciplinary problems
in mechanics, geomechanics, and hydrogeology, given the rigor of mathematical formulations that have described
problems independently.

Keywords: Hydrogeomechanical Coupling; Thermal Analogy-Hydraulics; Hybrid/Coupled Flow Solution

1. Introduction

Hybrid systems need mathematical models that combine the dynamics of continuous parts, which consist of
differential equations, and are important in multidisciplinary designs around us, according to Heemels et al. [1].
For example, Mittal et al. [2] proposed the development of superporous hybrid hydrogel compounds, with high wa-
ter vapor adsorption capacity, associated with isotherms and adsorption kinetics. Tran et al. [3] proposed a hybrid
discrete-continuous numerical framework, for the hydromechanical behavior of soil at granular, and macroscopic
scales to predict desiccation cracking in clay soils. Pan et al. [4] proposed a hybrid analysis method for soil-water
mass interaction, the solid phase (soil), whose movement is represented with a Lagrangian description, while the
fluid phase (water), is adapted to the Eulerian description. El-Zorkany and Balasubramanian [5] presented the
hybrid computer solution of the Laplace approximation modified by Galerkin, solving linear and nonlinear prob-
lems. Asaoka et al. [6] applied a coupled soil-water finite deformation analysis, using the Cam-Clay model with
undrained triaxial compression testing, indicating that a single soil sample produces a highly heterogeneous state.
Lima et al. [7] reviewed the hybrid numerical-analytical solution of the Navier-Stokes equations, Reynolds number
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averaged for turbulent flow in parallel plates. Erduran [8] introduced the hybrid scheme for the solutions of the
Boussinesq equations, composed of the finite volume method, and the finite difference method. While, Huang and
Rudolph [9] presented a hybrid analytical-numerical scheme, for one-dimensional soil temperature profiles under
freezing (or thawing) conditions, divided into multiple layers. Nastase [10] proposed hybrid solutions for com-
pressed Navier-Stokes boundary layers, with external flow without parallel flow. Xie et al. [11] presented a semi-
implicit method for modeling large deformations, with a semi-implicit approach that eliminates the dependence on
the passage of time, in coupled soil-water problems. Chen [12] analyzed hyperbolic heat conduction problems in
cylindrical coordinate systems using the hybrid Green’s function method. Luo et al. [13] proposed a mathematical
model of thermal-hydric-saline coupling for frozen unsaturated saline soils, considering phase change, impedance,
consumption, and precipitation. Madureira and Melo [14] showed a method to evaluate the stress intensity in hy-
draulic cracks using a hybrid solution in pipes. Nick and Matthai [15] demonstrated that the hybrid finite element,
and finite volume method has great potential in realistic simulations of flow, and transport in heterogeneous porous
media.

Zhang et al. [16] implemented a coupled numerical model that included water migration in the vapor and
liquid phases, and heat transfer by conduction, which predominated in the deepest layer of soil (below 75 cm).
Sun et al. [17] presented a new coupled radial-vertical filtration model within liquefiable soil, to determine the
performance of stone column reinforcement, incorporating deformation and boundary conditions. Tu et al. [18]
proposed a three-dimensional continuous-discrete method, the soil deformations were determined using the dis-
crete element method, and the fluid flow in the soil phase was determined using the Darcy fluid and continuity
equation. Hai et al. [19] applied Darcy’s law, heat conduction, the solid-liquid relationship and relative saturation,
and adjusted their soil-water characteristic curves to reflect the hydrothermal evolution of the soil. Deng et al. [20]
indicate that the complex dynamics between plant-soil-water interactions can generate inaccuracies, due to the
high complexity of using integrated models; they present a coupled model, DayCent-MODFLOW, for areas with shal-
low groundwater. Nguyen and Indraratna [21] mention that the filtration flow causes a reduction in the effective
soil stress. Thus, they evaluate the evolution of energy in soil fluidization with discrete elements coupled, with
computational fluid dynamics. Sun et al. [22] compared the effects of three depths on the coupling characteristics
of the soil water-root system, finding that increasing the depth can cause water migration.

Wang et al. [23] propose a coupled continuous water-structure-saturated media model, to investigate the seis-
mic response of the system under vertical seismic excitation. Shao et al. [24] mention that there are a few modeling,
and coupling analysis studies to relate soil properties to production and yield, associating stability in the soil layer
of 20 to 40 cm. As has been seen, water is the main driver, and it can dominate the coupling of systems, such as
vegetation-soil systems, and soil nutrients, according to Han et al. [25], thereby affecting root growth, plant growth,
or descent to deeper layers.

Hydrogeology, Geomechanics, and Internal Energy Equation

The surface flow must include topography, with discretized terms, verified and validated with experimenta-
tion either in the field, or laboratory with spatio-temporal discontinuities, indicated by Ambati and Bokhove [26].
For groundwater flow based on mathematical equations with assumptions and simplifications, as Atangana and
Botha [27]. According to Raats and Gardner [28], cylindrical and radial flow systems require methods to deter-
mine the hydraulic conductivity of the soil as a function of the pressure head, so empirical functions such as the
characteristic curve and the hydraulic conductivity function have been developed, described by Lopez-Acosta [29].

In elasticity problems, the objective is to find the field of displacements and tensions in a homogeneous and
isotropic body in a semi-infinite or infinite space, such as the Cerruti problem or that of Boussinesq, Flamant, Kelvin,
Melan, and Mindlin, which have been very useful in Mechanics, Geotechnics, and Tribology, according to Nowin-
ski [30], and Marmo et al. [31]. Li and Zou [32] analyzed two solutions to the problem of cavity expansion in
drained and undrained conditions in soil mass, with analysis of large deformations. According to Ye et al. [33], var-
ious evolutionary systems are subject to rapid change, such as the variation of internal energy in a porous medium
due to external and internal forces generated by the flow, indicated by Teéfilo-Salvador et al. [34].

The energy equation describes the interaction of variables in Continuum Mechanics, Fluid Mechanics, and Mod-
ern Mechanics, and currently, no record has been found on the coupling of these disciplines to propose solutions
to the internal energy equation. Furthermore, let it be a function of a single variable, for example, displacement as
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a function of time, volume, and surface as functions of radius and weight, mentioned by Courant and John [35], but
some hybrid or coupled models avoid solutions to discontinuous differential equations, so as not to solve non-linear
problems, according to Sanfelice et al. [36]. Hybrid systems address particular, isolated, or specific problems, since
conventional techniques or methodologies are still applied.

The problem of the soil mass water flow system consists of estimating a function in terms of a single variable,
with direct dependence between the variables in different coordinate systems. Assuming analogy as a principle
to develop solutions to problems that have been successfully applied in other areas or systems. The objective of
the research was, to propose a solution for the internal energy equation (soil mass water flow) based on Modern
Mechanics and Underground Hydraulics. With the transfer of flow from the surface to the interior of the porous
medium, analyzing the stresses, deformations, and displacements based on a single variable. The principle is based
on proposing an analogy between Darcy’s law (fluid flow), and Fourier’s law (heat conduction) to apply solutions
to the phenomenological equations, that describe transport through a medium. Furthermore, both laws establish
that a flow (of water or heat) is proportional to the gradient of a driving force (pressure or temperature).

2. Methodology

The solution approach is formulated with theoretical-mathematical bases, maturity is given by the approach it-
self, no development steps are omitted, and the formulation and coupling are shown. The foundations and premises
are cited and serve to support the videos published by Te6filo-Salvador, on how the solution models are posed (see
links https://www.youtube.com/watch?v=6KSPdGEDIwY&t=6s, https://www.youtube.com/watch?v=wEO-TBT
d4PU&t=1759s, https://www.youtube.com/watch?v=7uy71Y-xzgc&t=8s, https://www.youtube.com/watch?v=
7dz-a4ROM6Y).

The internal energy equation for the water flow system in the soil mass was evaluated as an HGM model by
Teofilo-Salvador et al. [34], in Cartesian coordinates of the extensive form as:
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Where u was the internal energy, t the time, u deformation in direction x;, i = 1, 2, 3, o the stress, p the density,
and P the source, that this case was the applied load.

2.1. Distribution of Source Flow Supply

It was considered: i) the presence of a first layer of soil with vegetation exposed to the atmosphere, with free
flow of water from the source, ii) plant evapotranspiration tended to zero, compared to the hydraulic conductivity
of the root zone. The system was assumed to be continuous, when considering Rakoto-Ravalontsalama [37], to es-
tablish conditions of stability and uniformity, according to Ye et al. [33]. Since the ordinary differential equations of
the internal energy equation are associated with a dynamic system, with time, space, initial states, and movements,
when considering Michel et al. [38]. It was assumed that at various points of the upper limit of the soil mass, the
source distribution (raindrops) generated surface forces and that these were equivalent to a resultant force P, with
local wetting bulbs (Figure 1).

With the uniform distribution of water over the upper limit, any point at a distance 2r from the point of applica-
tion of the force was subject to axial compression in the radial direction, when r and d tended to zero, the resultant
was a point in the surface space of the soil, and the distribution of particles p on the surface was associated with
the point P. If the resultant sum of the forces p exerted at distances d on the surface was continuous and uniform,
then the local distribution obeyed a resultant as:

n
p= Z pi + AFS @)
i=1
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From i to n accumulated raindrops, with subsurface water flow AFS, according to Teéfilo-Salvador et al. [39].
For r > 0, where 0 < 6 < 7, and 0 < ¢ < a, @ was the angle of inclination of the soil surface, and z took any depth
value. Given rainfall distributions with a beginning, peak, and decrease, formulations were investigated that would
allow describing the probability distribution, similar to the Rayleigh distribution, and a gamma-type distribution
(Erlang-2). Therefore, these distribution functions were proposed as analogous to a precipitation load function as
a function of time P(t), expressed as:

t2

P(t)=<e"z , P(t) = wite ™" (3)

w was a measure of the distribution of rain load over time ¢, for large and small values, respectively. Since,
for long times, the distribution is smoother (flattened), and for short times they present a more pronounced peak,
assuming interception, evaporation, and evapotranspiration are negligible, for large rainfall values. The interaction
of these two expressions led to the proposal of the presence of oscillations during a rain event, on the surface, with
a maximum and a minimum as a non-periodic simple harmonic variable pulse function in one dimension.

Figure 1. Coordinate systems with applied load p and internal bulbs in a porous medium.

2.2. Expansion of the Water Flow within the Soil Mass

Richards [40] and Richardson [41] developed a physical-mathematical model, an equation that combines mass
conservation and Darcy-Buckingham flux relationship:

0(p) 9K (0)
o =V K@)yl + — @

Where 6 is the volumetric water content, i is the matric component of soil water potential per weight, K()
(or K(6) in a different form) is the unsaturated hydraulic conductivity function, indicated by Xiong [42]. Thus, from
the saturated transient flow equation in cylindrical coordinates:

6K6h+1(r 0h+16K6h+0K6h_6h c
ar\""or) " r\or) r206\"%a0) " 9z\"7dz) ot (>)

The hydraulic head h was a function of the position z without linearity in the groundwater flow equations. As
the dependence and relationship of variables for the matrix potential of the moisture content, conductivity, and
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hydraulic head did not allow obtaining an exact universal solution, mentioned by Philip [43], it was necessary to
propose, in this research: i) surface conduction, ii) radial conduction of the flow, and iii) radial and axial distribution.

2.2.1. Distribution at the Upper Boundary

The soil evaporative layer was a limit to eventually avoid drastic soil-water changes, and the lower limit, the
source flow did not return to the atmosphere. With initial moisture content, K = K, for ahomogeneous and isotropic
system, the equivalence of the hydraulic load h with the variations in the moisture content 8 was assumed, the latter
only depended on the position r, so the conduction of the flow oscillated at time ¢, with a source at velocity Py, and

in radial coordinates were:
00 _x 10 269 - _p 6
at ~  %r29r r or) - °° (6)

At constant hydraulic conductivity in time, it was possible to apply a general solution for radial flow according
to Carslaw and Jaeger [44], of the form:

9—A+B 7
== (7)

Where A and B were constants determined by the boundary conditions, and at the upper limit, the moisture
content tended to zero, r — 0.

2.2.2. Transient Conduction of Internal Radial Flow

Based on Unsworth and Duarte [45], an analogous procedure, but for transient water flux in the soil mass, the
moisture content at any point was only a function of r and t (Figure 2), the first two terms of Equation (5) were
related to a function of the form V = r6, and the transformation was:

0%V 19V o
ar2 K at (8)

Figure 2. Vertical load applied to a porous medium, effects: (a) internal, (b) external.

A solution was proposed, and the method of separation of variables was applied:

V(r,t) =R(r)6(t) 9
a ,
2 = RO’ (1)

2 10
2 =8OR () o
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The above was replaced in the initial approach, and we obtained:

R"+A’R=0
0 +KA10=0 (11)

For t = 0, then 6(t) = 6(0), the previous expression was integrated, and obtained:
0(t) = 6(0)e K2t
R = A cosAr + B sinir (12)
The composite solution to the problem posed was:

V(rt) = Z (A cosAr + B sinAr) 0(0)e KA°t (13)
1

For constants 4 and B, the flow behavior was defined in a volume (Figure 2) that was wetted or flooded at
constant flow up to a moisture content 6;. Subsequently, the source was removed, and the medium was exposed
to ventilation or drying to a moisture content 6,. The influence of drastic climatic conditions allowed us to assume
that V=0at 6, =0, cyclically (t, =¢;) whenr=0andr=q,att=0:

Vs =10 (14)

When V=0, r =0, itimplied that R = 0, but according to Figure 1, atr = «

R = B sinAr (15)
It was evaluated A = 0
V(r,t) = 6(0) Zl B sinire~K2*t (16)
Applied sinAa = 0, with Aa = nm, in this way was expressed in:
e . nar (nm)?
V(r,t)=6(0) anl B smTexp —Kt pH 17
At t =0, at the point (0, a), the constant B was determined as:
2 (¢ nmr 2ntlg
B = —f rsder = (18)
0

2.2.3. Conduction Analogous to a Near-Surface Flow Supply Load

In Figure 2, the point-loaded solid of revolution was governed by:

R=yx}+x3+x3 , r=xi+x3 (19)

If the functions were continuous and the moisture distribution was a function of time, the solution to the flow
equation had to satisfy the limit at all points in the solid. Based on Carslaw and Jaeger [44], and according to the
characteristics of the three-dimensional flow equation, it was proposed:

2 24,2
X1+X2+X3

=Wf f f £ Gy, x3)e dxydx,doxs (20)

For t > 0, at constant flow per unit volume per unit time in the region 0 < z < a, and the amount of flow at any

point r, 6, z at time t, was expressed as:
RZ
chdrdedszdte_[m

(21)
8(nKt)z
For constant water flow @, the conduction velocity was given by:
,, 00
Qc = —4mr?K— =P (22)

The limits of r in the z axis, with instantaneous distribution and at all points at constant flow, the radial com-
ponent moved at constant speed.
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2.3. Geomechanical Development

Once the water flow functions were defined, the stresses and displacements at all points within the volume of
the soil mass were determined. The equations were expressed in terms of the stresses, since these are generated
from and above the limit, and the displacements are the effect of the deformations. If the mass forces remained
constant, the solution could be obtained by a biharmonic function. According to Slaughter [46], for conservative
forces, it could be expressed in terms of a potential function, since any magnitude in any system was invariant.

a) Internal potentials due to load

The conduction of the flow in the soil mass changed the initial state, thereby expanding the volume, which was
analogically related to the Helmholtz displacement potentials, and the stress, strain, and displacement relationships,
to the deformation potential of Lame. In 1930, Garlekin demonstrated the shift in terms of second derivatives
represented as a single vector function, including Poisson’s ratio v and the Garlekin vector V, which was related to
the Helmholtz potential. The Laplacian was developed for the radial, tangential, and axial components:

VZV—a av, +16VZ+16 6VZ+6 av, 23
~or \ ar ror 12060\ 06 dz \ 0z (23)

To find the stress, strain, and displacement functions, the relationships with the Lame strain potential and the
Garlekin vector of the shape were applied:

-2 (w2 (2)
ag_az vaZBV 3957 7oy,
_9 2 oV, _ 1 0 (9V

o9 =5, \WV V=15, r;ae(ae)) (24)

For the z component, the biharmonic condition was met in cylindrical coordinates, and the function was left in
terms of VV = V,e,, according by Sadd [47], and the displacements were estimated considering a A constant:

Ve, =V, =0 , V,=AR = AVr? + z2 (25)
For displacements, the approach was:

2%v,

2uur T 9roz

2%V,
2uue = =555, (26)

a (v,
2uu, = 2(1 - V)V?Y, — = (22)

The Helmholtz potential with the Garlekin vector was given by:

(1-2v) z T 1-2v)(z+71)
=4 (m“”m)z 2 R
Differentiable components and second derivatives were obtained with respect to r, 6, and z. It was discretized

and developed to obtain the displacement components according to the Lame potentials, and proposed a flow ad-
vance function:

(27)

¢ =Blog(R+2z) (28)

B was an arbitrary constant, again with differentiable components and second derivatives with respect to r,
6, and z. The superposition principle was applied for the Garlekin vector and the Lame potential in the z-axis and
radial direction, respectively:

r
R(R+2)

1-2 323 B
aZ=—A[(R—3U)Z+%]—R—§ A 2uu, = A +B

(29)

For the constants 4 and B, in cylindrical coordinates, the radius r goes from 0 to  and z — @, and the resultant
of the forces exerted on the surface of radius r was equal to P, such that:

a
f 2nRo,(r,a)dR+P =0 (30)
0
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The integral was solved with a change of variables and initial and boundary conditions.

b) Surface potentials due to load

A similar procedure was carried out for the external surface force that acted parallel to the free surface (Figure
2b), with analogy to the Cerruti problem, in this case the direction of the force was parallel to the direction of the x
axis, and the solution was obtained by combining a Garlekin vector and the Lame deformation potential, with the
proposed vector components:

Vx1 = AR , sz =0 , Vx3 = Bx1 lOg (R + X3) (31)
_ _Cn 32
¢= R + x5 (32)

With the movement of the flow on the surface in Cartesian coordinates, the value of the constant C was deter-
mined.

2.4. Application Case

To apply the expressions to a real case, the data obtained by Tedfilo-Salvador [48], since these studies make
use of a multifunctional infiltrometer, which associates flow sheets (simulation of rainfall) as hydraulic loads on the
soil, from this the relationship to three components of fluid flow mobilization in the porous medium: surface flow,
lateral flow and vertical flow, in addition to this, the hydraulic conductivity, infiltration rate and base infiltration at
various depths were obtained, including data from soil samples. The field values were: root zone thickness of the
porous medium 42 cm, length in y = 80 cm, superficial length 100 cm, angle of inclination 28.61°, test time 2.32 h,
hydraulicload 49.09 mm. Sampling values, porosity 11.69%, natural density 770 kg/m?3, moisture content 18 kg/kg,
apparent density 650 kg/m3, equivalent water layer of the root zone 49.09 mm (value hydraulic load). The values
for the upper limit of the unsaturated zone were: porosity 38.95%, natural density 2,070 kg/m3, relative volume
of water 63.79%, apparent density 1,680 kg/m?3, equivalent water layer of the upper limit of the unsaturated zone
27.26 mm.

In Microsoft Excel 2019, data from experimental field tests were adjusted when null values were presented
in the time period, and subsequently, the Kostiakov model was applied to smooth the behavior in the test periods
for the hydraulic conductivity. For the imposed hydraulic load, the values of: w = 0.1, 0.2, 0.5, 1, and 2 for 1.08
h (when the load stabilized or remained constant). P, = 62.01 mm as the upper limit of the hydraulic load, for a
volume of P, = 55.46 m3, P, = 6.54 mm, theoretical values of 6 = 10, 8, = 5, 6, = 100, and field 6, = 18, with the
purpose of comparing theoretical data with field data, for different residual moisture contents, while maintaining
constant hydraulic conductivity K = 2.452 mm/h, v = 0.45, and p =0.03. The values were graphed in several Excel
sheets to describe the behavior of the functions described in this research work, noting the use of soil properties,
field testing, cabinet adjustments, and finally the implementation of the solution equations to the coupled-hybrid
hydrogeomechanical model.

3. Results
3.1. Surface Flow Load Supply Distribution Function

From the manipulation of variables for the load P(t) as a function of time, the precipitation of n flow drops, we
obtained:
P(t) = wt?e~2®t (33)

3.2. Water Flow Conduction in the Soil Mass

a) Distribution at the upper limit and internal conduction
The solutions if r - a, but @ did not tend to infinity, were:
Py

=2 [h(a® —7%) + 24] (34)

9=P—°(a2—r2) A O=—L

6K

b) Transient conduction of the internal radial flow
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According to Unsworth and Duarte [45], for this case, the solution was obtained:

( 1)n+1
nm

DL nmr n2m?
o(r,t) = —9(0)2 1—smTexp ~Kt— (36)
n=

When r - a, the moisture content was determined as:

v 6(0 in ke 35
(r,t) = ()z smTexp<— t o ) (35)

o] n2n.2
0 =00 = 2952 (=)™ lexp (—Kt > > (37)
n=1 a
For the case in which 6, # 0, we obtained:

-6 _ sz 1+l Ktnznz 38
95 _ er - n=1 ( ) exp a2 ( )

Mathematically, a solution has been obtained, where now the left-hand side can be equated to the empirical
equation proposed by van Genuchten [49].

So= 00 ! (39)
© =0 14 (ah)"]"

Where S, is the effective saturation, 6 is the current volumetric moisture content, 6, residual moisture content,
0, is the moisture content at saturation, h pressure head (suction), and @, n, and m are empirical shape parameters.

c) Conduction analogous to a near-surface flow supply load

With initial moisture content 6, r = 0, z = 0, if the source distributions P = Q, = Q. were continuous, uniform,
and parallel to the axis z, without flow losses. It was then possible to estimate the moisture content at some time t.
If t - oo at steady state and with humidity at some point r, 6, z, the water flux solution was:

(T2+zz)%—z]

(P= Qs = Qc) e_%
AnK (r? + z2)2

(r,z) = (40)

3.3. Distribution of Stresses, Deformations, and Displacements

a) Internal potentials due to charge
Consistent with Boussinesq’s problem for a concentrated force perpendicular to the free surface, indicated by
Sadd [47], the integration constants were:

P __(a-2v)pP

A=— , B= (4’1)

21

The tension components and the displacements as a function of the load P, were adequate compared with those
estimated by the Papkovich method:

_ i (1-2v) 37‘22]

Ir = R(R+z) RS
(1-2v)P 1
9% = "5, <R_3 - R(R+z)> (42)
_ 3P z3
92 = T RS
- P |rz _ a-2v)r
Ur = 2um | 3 R(R+2)
Ug = 0 (43)
(2-2v)
Uz = aum [ R3
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b) Surface potentials due to the charge
Without radial symmetry, the integration constants in the x; and x3 axes were:

(1-2v)P
2T

- 4t (1-v)

P _ (1-2v)P

’ 4n(1-v) ¢=

(44)

With a procedure similar to that of internal behavior, the stress functions as a function of the load P, for the
external surface load, and the components of the resulting displacements, were consistent with the Cerruti problem:

_ P(1-2v) X1 2x1x3 X1%3 3Px?
~ 27 cosa R(R+x3)2 - RZ(R+x3)3 B R3(R+x3)2 " 2nRS
P(1-2v) 3x, 2x3 X1 3Px1x3
o=t _m b _n | (45)
x3) RZ(R+x3) R3(R+x3) 2mR
_ 3Pxyx}
93 = 2mRS cosa
" = P [l x| (-2v) i
1= 4mp cosa | R R3 (R+x3) R(R+x3)2
u, = — P [% _ (1—2v)x13252] (46)
ucosa | R R(R+x3)
Us = P [x1x3 (1-2v)xq
3 4mu cosa | R3 R(R+x3)

3.4. Principle of Superposition

Until this research, no similar hybrid solution proposal has been found, which is the essence of this work. As
shown, auxiliary systems are formed that can integrate the entire given system. Thus, the principle of nonlinear
superposition ensures a closed form of functionally independent integrals, according to Menini and Tornambé [50],
for example, linear elastic Boussinesq-Cerruti solutions, for the stress system, because it is a simple solution, con-
sidered by Nikas [51]. For the case of linear elasticity, the internal and external stress and displacement functions
were:
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The expressions showed a hybrid equation proposed for the stress and displacement functions, in terms of the
load P, and considering that the hydraulic conductivity and flow conduction functions were previously described.
By using the variables r, ¢, h, z, x, 6, all derivable as shown in the previous sections, so the Superposition Principle
gives an individual solution as part of a general solution. The functions were defined and combined for the general
solution of the HGM model, expressed in a coupled coordinate system as:

du _ ouq a2 ou, duz
Pac = [01 (6(r,x1)) T3 (8(9,x2) + ul) + 03 (a(z,xg))](t) +
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This is the hybrid-coupled solution proposal of this research as a set and subset of auxiliary solutions, based on

the hydrogeomechanical model presented by Teofilo-Salvador et al. [34], the present solution couple the Hydrogeo-
logical and Geomechanical processes, where the functions describe the behavior of the water flow in a soil mass. In

(49)
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a transient state, the water flow approaches a radial coordinate system; upon reaching a steady state, the Cartesian
component describes the surface process as runoff, thus the combination of the coordinate systems describes the
hybrid part.

3.5. Case Study

The equations that make up the general solution have been tested with data obtained by Tedfilo-Salvador [48],
and have been graphed in Microsoft Excel 2019 as preliminary results (Figure 3). These graphs show the load
behavior as a function of time, for intervals less than one hour, where the maximum distribution is obtained in the
first fifth of the time (Figure 3a), consistent with the highest infiltration rate measured in the field. For the load
distribution, the greatest conduction occurs on the surface, and decreases as it descends within the mass of the
porous medium (Figure 3b). When superimposing the previous case with the effects of conduction in the medium,
it is observed that the depth of the advanced profile is relatively less, the first +15 cm can be associated with the
evaporating layer, which is the boundary to prevent substantial loss of moisture to the atmosphere (Figure 3c). For
the transient conduction, it is observed that the field points are adjusted in two-time intervals, and this is due to
the fact that the measurements were for two periods of precipitation, when estimating the Root Mean Square Error
(RMSE), to measure the average difference between model values and those obtained in the field, a value of 23%
was obtained, which is relatively low, a good approximation using first principles of groundwater hydrology, when
comparing this analytical model with Van Genuchten’s empirical formulation, although a greater number of tests
are needed to evaluate the reliability of the predictive model (Figure 3d), the first hour of measurement detects
a stationary regime, and the second part as part of a feedback process, as occurs in most water flow events in soil
masses, and as time increases, the absorption into deeper layers is less prominent. In Figure 3e, it is shown how the
load distribution changes due to the change of material, being less deep for sand compared to clay. Sandy material
generates bulbs with smaller radii compared to clays in a range of 10 times. Finally, Figure 3f shows the behavior of
the energies involved due to the presence of a load (precipitation), even when the load occurred in the first hour, a
variation in energies in the second, and stabilization in the third. Additionally, applying this hybrid-coupled solution
proposal allows prediction at longer times, above the measurement or test times, as shown in Figure 3f. Hydraulic
energy is positive due to the hydraulic load on the surface. Internal energy and mechanical energy balance each
other over the 2-h test period. By maintaining the load constant, hydraulic and mechanical energy neutralize each
other within 10 h. Between 2 and 3 h, the internal energy undergoes a transition, stabilizing at 10 h, due to the
constant surface hydraulic load. This gives an answer to what really happens in soils subject to loads due to rain:
they do not slide instantly, but after a certain time.
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Figure 3. (a) Distribution of precipitation, (b) Load distribution at the upper limit, (c¢) Internal conduction, (d)
Transient conduction of the internal radial, (e) Conduction analogous to a near-surface flow supply, (f) Coupled-
hybrid solution of the hydrogeomechanical model.

4. Discussion

Currently, we have access to large amounts of data, but raw information is a difficult problem, so less attention
has been devoted to the development of analytical, hybrid, or coupled systems, according to Thompson et al. [52].
Hybrid modeling is more reliable for analysis, design, and maintenance, although more research is required; ex-
perience from field and laboratory studies can be leveraged, indicated by Kantarji [53], but they have presented
greater precision, with great advantages over empirical, classic, or conventional solutions. The soil+water system
evolves through dynamic interaction, for example, the superposition and combination of the physical system in-
cludes control at the modeling level, according by Platzer [54]. As hybrid systems are more challenging than con-
tinuous dynamical systems and discrete systems, described by Platzer [55], this proposed hybrid system solution
involves rigorous mathematical analysis. Due to the complexity of the system, it was difficult to find exact solutions,
in accordance with Slaughter [46], but the Saint-Venant principle shows an approximate solution considering linear
elasticity of the soil.

In classical approaches to dynamical systems with discontinuities, partial functions can be a solution as a piece-
wise continuous function of time, mentioned by Sanfelice et al. [36]. Hybrid numerical-analytical approaches are
a good method, for the flow of Newtonian fluids conducted within flat channels of parallel plates subjected to a
uniform, and constant external field, laminar and incompressible flow in steady state, and constant physical prop-
erties, in the context of Andrade et al. [56], as occurs in soil mass plus water flow. Currently, in hydrogeology, it is

32



Soil Health and Sustainability | Volume 01 | Issue 01

common to resort to developed empirical formulations, such as that of Maulem-Van Genuchten, according to Wes-
seling et al. [57]. However, it has been demonstrated numerically and analytically that Richards’ equation, together
with van Genuchten’s static equilibrium pressure-saturation relationships, and Mualem’s hydraulic conductivity,
are incompatible due to the saturation overshoot for infiltration in porous media, indicated by Xiong [42]. These
traditional approaches have done little to allow new mathematical models, such as the one developed in this re-
search, to take root.

When considering the precipitation and flow of water as a load, the forces are continuously distributed over
the area of contact with the mass, and the magnitude of these forces is defined by their intensity, that is, the amount
of force per unit area, described by Timoshenko and Goodier [58], and everything is a function of a single dynamic
variable, P. If the forces act on a small portion of the surface of the elastic body (as occurs in landslides, sinkholes,
etc.), they can be replaced by a system of statically equivalent forces acting on the same portion of the surface, so
that the distribution of charges produces changes in local stresses in accordance with Saint Venant’s principle.

The displacement depends on the intensity of the applied load and the material, and in elastic cases, it is nor-
mal to the direction of the load, and the displacement on the surface tends to disappear at the point where the
load is applied, indicated by Anagnostou et al. [59]. Therefore, not all soils affected by water flow tend to move.
Convective fluid flow transfer in partially porous channels with local hydraulic, or thermal imbalance generates
an expansion function, typical of coupled multilayers, but gives greater precision, leading to more optimistic flow
transfer predictions, since the coupled phase is solid and the porous medium is fluid, according to Lisboa et al. [60].
This precision can be achieved with rigorous programs or codes, but they have only been coded in Excel, since ac-
cording to Moukalled et al. [61], itis necessary to discretize, generate the solution method (combination of multicell
methods, iterative solutions or coupled finite methods), and thus the graphical visualization of the process, but it
requires a greater investment of time and money:.

The hybrid-coupled solution this research, is shown in equation 49 was in terms of expressions 33, 38, 40, 47,
and 48, for the hydrogeomechanical (HGM) system, developed from Teéfilo-Salvador et al. [34], but because the in-
ternal energy equation is a fundamental equation of mechanics, this solution could be applied to various multidisci-
plinary problems in other areas: Mechanics, Geomechanics, and Hydrogeology, such as soil+water problems adding
infiltration forces from an analytical, experimental and laboratory context, presented by Te6filo-Salvador [62]. Such
a coupled solution in heterogeneous shale volume fracturing, according to Shang et al. [63], since it involves a cou-
pled thermohydrogeomechanical (THGM) process in fractured rocks, which involves transient fluids, conduction,
convection, energy exchange, permeability evolution, and fracture stress variation, in the context of Yan et al. [64].
Disciplines in which variations in surface and internal energy occur when the body or substance is subjected to
changes in temperature, or due to the presence of thermal or hydraulic flow, and that in this research analogies
were made based on heat flow and fluid flow. In the short term, it will be necessary to evaluate thermal, hydraulic,
mechanical, and chemical processes as coupled processes, presented by Teofilo-Salvador [65], with the solution
of the partial differential equations to describe the energy or mass balance; ignoring the coupling can lead to a
simplification and not adequately represent the systems, according to McDermott et al. [66].

Although this solution may still be limited for soil-water systems due to a lack of experimental and laboratory
data, and because of phase changes, future work is expected to apply it to problems such as medical physics (blood
flow), volcanology (magmatic flows), and materials (fresh concrete, ceramics, etc.). Currently, the formulations
of the proposed solution continue to be synthesized, to encode and generate numerical simulations and field and
laboratory experiments. This first physical-mathematical part allows us to contextualize reviews, suggestions, and
opinions of other researchers, and thereby correct, increase, or provide feedback on the solution of the theory
proposed in this research, in order to substantially improve scientific advances in today’s world using hybrid or
coupled solutions.

5. Conclusions

The most important contributions:

1) It is possible to couple the equations of underground fluid flow with the effects produced by mechanical
stresses, deformations, and displacements, from a supply source such as precipitation from the surface, as
a conceptualization of nonlinear physics.
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2) Modern mechanical formulations can be adapted to geomechanical problems due to hydrogeological effects.
By treating the coordinate axes, it is possible to estimate the variation of internal forces and displacements,
as well as surface forces and displacements, as a function of a single variable: the hydraulic load P.

3)  Although various measurable parameters are required, such as field, sampling, laboratory tests, cabinet ad-
justments, and treatment of the proposed solution, the latter offers a prediction alternative, in the case of soils
subject to hydraulic loads due to precipitation, to alert on mass removal processes for longer times, than those
of initial incidence of fluid flow on the porous medium and its advance to deeper layers as a function of time.

4) Internally, energy varies at different soil moisture contents: dry, saturated, and supersaturated, generating
dynamic processes (landslides or collapses). Externally, in supersaturated soil, the energy is purely hydraulic,
manifesting as a parallel and above-surface mobilization force, as runoff or flooding.
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